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. L CG ﬁlter, which admits analytlc posterlor updates. Table 4: Relative RMSEs of data assimilation posterior estimates.

Challenge of CGKN for Lagrangian DA: existing CGKN . . . Method Upper Layer Lower Layer Two Layers
relies on direct Eulerian observations, Lagrangian DA uses (d) The loss of LaCGKN 1s a weighted sum of: the auto-encoder reconstruction loss for Eu- LaCGKN 0579 0310 0464
indirect Lagrangian observations, which introduces additional lerian flow, the forecast loss for physical variables, the forecast loss for latent variables, (E)IIIKF 8-33(9) 8-32 8-‘7‘%
constraints on the latent representation*. and the data assimilation loss. Climatology 0.870 0.414 0.631

* The latent representation of LaCGKN must simultaneously encode the flow dynamics and mediate nonlinear tracer-flow interactions. The latter 1s crucial to data assimilation, as 1t captures the information propagation from observed states to unobserved states.
The three key architectural innovations address these challenges: (1) tracer homogenization enforces permutation equivariance and enables generalization across varying numbers of tracers; (11) Fourier-based positional encoding captures rich spatial dependence and
reconstructs local flow features at moving tracer locations; and (i11) an SVD-inspired low-rank parameterization of the latent transition operator reduces parameter complexity while preserving expressive capacity.
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