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Motivation

CGKN

Summary of Numerical Results

• Lagrangian data assimilation uses Lagrangian observations to
recover the underlying Eulerian flow, e.g., inferring ocean states
with surface observations.

• Lagrangian DA is fundamentally challenging because of the
intrinsic nonlinear coupling between tracer trajectories and the
underlying flow.

• Traditional deductive (model-based) DA methods often rely on
strong assumptions or are computational expensive. Machine
learning holds great potential to address the inherent nonlinearity
in Lagrangian DA and improve accuracy and efficiency.

Numerical Tests

Conditional Gaussian Koopman Network (CGKN):
A unified framework of SciML and DA, to learn surrogate models
that performs efficient prediction and DA for nonlinear partially
observed dynamical systems (Chen et al., 2025a,b) .

LaCGKN

* The latent representation of LaCGKN must simultaneously encode the flow dynamics and mediate nonlinear tracer-flow interactions. The latter is crucial to data assimilation, as it captures the information propagation from observed states to unobserved states. 
The three key architectural innovations address these challenges: (i) tracer homogenization enforces permutation equivariance and enables generalization across varying numbers of tracers; (ii) Fourier-based positional encoding captures rich spatial dependence and 
reconstructs local flow features at moving tracer locations; and (iii) an SVD-inspired low-rank parameterization of the latent transition operator reduces parameter complexity while preserving expressive capacity. 

Tested case: A two-layer quasi-geostrophic (QG) flow with passive 
tracer position observations (Tracers are advected by the upper-layer flow).

State Forecast (multi-step) Data Assimilation

Challenge of CGKN for Lagrangian DA: existing CGKN
relies on direct Eulerian observations, Lagrangian DA uses
indirect Lagrangian observations, which introduces additional
constraints on the latent representation*.

Lagrangian conditional Gaussian Koopman network (LaCGKN) is a structure-preserving and data-
driven framework for joint data assimilation and prediction from Lagrangian observations.


